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1. Tools (s. [3])

Def.: ILet J be a non-empty interval of R.
et ¢: J —> R be a mapping.
We now define:

1. ¢: 0 —> R is convex, 1iff
Vx,y e J Vte[01] ¢o(tx+(1-¢t)y)<td(x)+ (1 -¢t)d(y)

2.

Let ¢(J) < R, .
¢: J —> R is logarithmically convex, iff
In(¢) : § —> R is convex.

Rem.: Let ¢(J) c R .

Because exp : R — R is convex und monotonically increa-
sing, we get the following:

(0 : 0 —> R is logarithmically convex) =
(6 : 0 —> R is convex)

Theo. :
Pre.: 1ILet J be a non-empty open interval of R.
Let ¢ : J > R be an differentiable mapping.
Ass.: (¢ :J > R is convex) <&
(¢ : J > R is monotonically increasing)
Theo.:
Pre.: 1Ilet J be a non-empty open interval of R.
Let ¢ : J > R be a 2-times differentiable mapping.
Ass.: (¢ :J —> R is convex) <



2. Gamma-Function (s. [3])

The Gamma-function T : IR+ —> R is defined for all a e]R+

through the absolutely convergent integral

>0

From literature we have:

r: R+_ — R 1is analytically (1)
Yo elR+ F(a+1) =a- T (a) (2)
Vk e Ny T(k+1)=k! (3)
r: ]R+ — R is logarithmically convex

(4)

(and ergo convex)

1) =1 and I'(2) =1 (5)
With (4) and (5) we have:

[ | [2; 0] is monotonically increasing (6)
We now define a mapping 7y :]—l;M{ — R through

Vu e |-1; 0  y(u) =T (u+1)
Then we have with (2):

v e Flel (v 1) = (v+ 1)) (1)
In addition we have with (6):

y | [1; 0] is monotonically increasing (8)



3 Two Transformations for Po-
wer Series

For every o G]R+ there exists two transformations of power

series:

o0 o0 l ~

> a_x" > > —a Xt (T1)
n n+ao -

and

0 o0 -
1 1

> —b x5 > b _x"tY (T2)

— n! 1 — y(n + a) n

n=0 n=0

For every t e Rﬁ_, for wich the considered power series is ab-

solutely convergent, the two transformations (T1l) and (T2) are
absolutely convergent too.

For the transformation (Tl) we have:

n+a 1
n=0 n=0

Differentiating the transformation (T2) provides you ideally
with a benign linear ODE. Then a comparison of the transforma-
tion (Tl) with the terms of the explicit solution of the ODE
(s section 7) leads to an interesting equation. You can apply
this method on every standard power series, for which there is
a “good” inner connection of the bn'



4 Take a Look At -1ln(l1-x)

Let o e]R+.
Let J = ]0;1[.
We define a mapping f : J —» R through

(e @) n o0
-1)!
Vt e J f(t)::—ln(l—t)=Zt—=Z"Mtn
n n!
n=1 n=1
With Analysis we have:

f:J —> R is well-defined and differentiable

We now define the sequence (bn) through
neN
0
v N b 0 n=20
n e =
0 n (n-1)! n>0

Then the follwing is true:

< 1
Vted f(t)= ) —b,t"
n.
n=0



5. Differentiating (T1)

We define a mapping f : J — R through

YVt e J %(t):z =

1+t 1 -

1 1
(-t

=X (e
n=0

With Analysis we have:

Ff:J > R is well-defined and differentiable

We now define the sequence (an) through
neNO

Vn € Nb a = (—1y7

Then the following ist true:

o0
Veed f(t)= ) at"
n=0



Let x =(idR)| J .

We now apply the transformtation (T1l) on f:J > R and get the
mapping A, J = R:

1 L pnt(a+l)

VieJd A4 (t) = Sy
- o (t) n+(a+1) 2

0
(-1)" n+(o+1
n+ (a+1) s

M8 5 s

n=0
_ i (_l)n_l fnta
n+ o
n=1

Obviously Aa,: J > R is well-defined and differentiable and

the following is true:

o
~ t
Viedg A& (t)=t*-Ff(t) =
o 1+t
that is
&
A :J > R is an antiderivative of on J (*)
o 1+ x



6. Differentiating (T2)

We now apply the transformtation (T2) on f : J — R and get the
mapping B, :J = R :

e — < 1 n+o _ < (n—1)!
Vi eJd B, (t): Eo—y(nm)bnt > (77 a)

tI’l+OL

Obviously Boc :J > R is well-defined and differentiable and
it is for all t € J:
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For all t € J we have:

(x_“Ba (x))’ (t) = —(xt_(OH_l)Ba (£) + £ B (¢)

Then we have for all t € J:

B (t) = ” (1a) £® 4 4+l (—at_(a”)Ba (t) + £ %5 (t)) -

= ﬁta —aB (t) + tB (t)
that is
(1-¢t)B, (t) = (la) t* — aB, (t)
that 1is
' _ 1 o a
Ba(t)—mt —1_tBa(t)

Finally we come to the conclusion:

Ba suffices the linear ODE

(y )’+- ¢ V. = ! % on J )
a 1 -x" @ (1-x)y(a)




7. Solution of the ODE (s. [2])

Theo. :
Pre.: TILet I be a non-empty open interval of R.
Let g : I > R be a continuous mapping.
Let h: I - R be a continuous mapping.
Let & e I.
Let n € R.
Ass.: The initial-value problem
y'+g(t)y = h(t) v =mn terI
has exactly one solution. It exists in all of I.
Rem.: Tet G :I — R be the antiderivative of g : I — R with

G(&) = 0, that is

t
VeeT G(f) = Ig(r)dr
g

Then the solution of the intial-value problem above is:

t
VteeI y(t) = e_G(t) Sl o+ Ih(r) . eG(T) ok

g

The integrals here are obviously well-defined.

-10 -



8. Application of the Previos
Theorem

For the application of the rule of substitution we need a
mapping ¢ : R\ {-1} - R\ {1}, which is defined through

Vs e R\ {-1} ¢(s) =

1+ s

Then the following is true:
¢ : R\ {-1} > R\ {1} is differentiable

Vs e R\ {-1} ¢'(s) = ﬁ

¢ (Jo; 1[) < Joi 1
and

¢ : R\ {-1} > R\ {1} is bijective

o1 : R\{1}] > R\ {-1} is differentiable
t

1-¢

vee R\ {1} ¢t (t) =

With [3] the following theorem is true (Rule of Substitution):

-11 -



Theo. :

Pre.: Let s, 5, € Jo; 1] (Cave! 0) (]O; l[) c (]O; l[)) .
Let the mapping u :]&Zq —> R be defined through

ve e o1 u(e) ::[ t ja L

1-¢ 1-¢t
Ass.: u:]0;l > R is differentiable and it is:
@(S) s 1
o
ul(r)dr = o do
j (x) j l1+o
(P(So) 0
Rem. : The integrals here are obviously well-defined.

Proof.: With [3] we have:

¢(s) s
j u(t)dr = I u (¢ (0)) ¢ (o) do
o(s) >0

At that it follows for all o € |0;1]:

www»¢w>=(‘“@ ] ! !

1-¢(c)) 1-9(0) (1+0)

The terms can be interpreted (G € p;lD:

%EELT:«Wwam“=&

1-¢(o)
1 1 1
- - —1+o0
1 — ¢(G) 1 o 1
l1+o l1+o
The conclusion for all o € ]0; 1] is:
1 (¢ () ¢ (6) = 6% - —
(1 + o)
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In the specific case of section 6. is I = k»l[ and the mappings

g:J > R and h:J — R are defined through

o
1 -t

1 a
VteJ ht) = — .
(1-t)y(a)

YVt e J glt) :=

We now define a mapping Ta :J > R through

Vs edJ T, (s) = y(a) (1 +s)*- B, (9 (9))

We finally prove:

T is an antiderivative of

-13 -



Proof:

Let s, € J and let ¢ := to =

antiderivative G :J —> R of g :J —> R with G(&) = 0:

@(so) € J. Then we have for the

t
Vt e J Glt) = Ig(r)dt = —o(ln(l -t)-1n(1 - §))
g

and

YVt e J eG(t) = (}—:—é)a
1 -t

and

vteog G _ (1 — tJa
1-¢

Because Ba is a solution of the initial-value problem
v +9(t)y = h(t) v (&) = B, (&) tedJd

we can apply the theorem of section 7. and get for all t € J:

1-t¢

2 =155 |2 @)*i(l_jy(a)-ﬁ_fja .

-14 -



At that equation we have for all t e J:

= tja 5, ()= U= 5 ()

L-s (1-8°

and
1 - ¢\ R @ 1-&\* B
(1—aj '£<1—r>y(a>'(1-r) T
(1—t>“,’j N g L
1 - &) é(l—r)v(a) 1 -1
-9 T g
() I l—r (1-1)~dt=

g

(1—t)°‘_t Tt ¢
v () i(l-—r] 1 -1 ar

Now we apply the substitution s = T ; on the last two equa-

tions.
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We get for all s € J:

and

1-8

(1 ] @(s>j°‘ o) 1

(1—@(5))a . T o0 . 1L
v (@) J

Now we can interpret the terms in

H 1
Toc(s)_Toc(SO)z J.Ga~l+6dc5
0

-16 -

(10)

and get for all s € J:



9. An Interesting Equation

Let J = ]0;1[.
With (*) and (**) we have:

Va € ]R+ A - T(x =0
So there exists a mapping A : R+ — R with
Vo e R, VseJ k(a)zAa(s)—Ta(s)

Because Va € R lim A (s) = lim T_ (s) =0 it follows:
s—>0+ s—>0+

Vo e R, A(a) =0

With the definitions of Aoc and Toc we have for all o € R+ and

all s e J:

2 (-1t - n—1)! n+a
Z Lsnﬂx —v(a)(1 + s)* Z ( ) ((p (s)) =0

At that we can interpret the terms:

n-—1
Vn e N Va € R Y(a) = L . L
+ * T'(n+a+1l) n+oa i it
and
n+ao

VneNO V(xe]R+ Vs € J (1+s)a((p(s))n+azs—
(1+s)n

Finally we come for all a € ]R+ and all s € J to the following

conclusion:
o0 n-—1 n-1
n-1 1 1 1 (n-1)! n+a
£ [ (1) - o T e =
n=1 i=1 (1+s) iz
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